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Abstract 

We introduce two notions for flows on quasi-diagonal C*-algebras, quasi-diagonal 
and pseudo-diagonal flows; the former being apparently stronger than the latter. We 
derive basic facts about these flows and give various examples. In addition we extend 
results of Voiculescu from quasi-diagonal C*-algebras to these flows. 
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1 Introduction 

Flows on C*-algebras have been studied for some time; basic facts on flows and their 
generators, from the perspectives of functional analysis, spectral analysis, and Hilbert 
space representation theory, etc. are described in [5l E]. But there remain many prob- 
lems pertaining to C*-algebras. For example we still lack clear and useful criteria which 
distinguish various kinds of flows, e.g. approximately inner flows and, in the case of AF 
algebras, (approximate) AF flows. (See ^21j for some results for flows on AF algebras.) 
We hope to contribute towards clariflcation of the situation by introducing other proper- 
ties of flows which appear to have close bearing on these features at least in the case of 
simple C*-algebras. 

A bounded operator T on a separable Hilbert space Ti. is called quasi- diagonalii there is 
an increasing sequence {En) of flnite-rank projections on Ti such that lim„ En = 1 strongly 
and ||[-En,T]|| 0. This notion is extended to a norm-closed *-algebra A of bounded 
operators: A is called quasi- diagonal if there is such a sequence (£'„) and || [-Eri, 7"] || 
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for all T G A. If A is a C*-algebra, then A is called quasi- diagonal if there is a faithful 
representation n of A such that 7r(y4) is quasi- diagonal. (See [25l [10] for more details.) 
Easy examples of quasi-diagonal C*-algebras include AF algebras and commutative C*- 
algebras. We mimic this notion in application to flows on C*-algebras in two ways. 

Definition 1.1 Given a Hilbert space Ti, let A be a norm-closed *-algebra of bounded 
operators on Ti and U a unitary flow on Ti such that UtxU^ G A for t G R and t ^ UtxUl 
is norm- continuous for any x E A. 

We call {A,U) quasi-diagonal if for any finite set T of A, any finite set ujofTi and 
e > there is a finite-rank projection E on Ti such that < s\\x\\ for x E T , 

11(1 - E)i\ < eUW for^euj and \\[E,Ut]\\ < e for t e [-1,1]- We call {A,U) pseudo- 
diagonal if for any finite set of A, any finite setu ofTi, and e > there is a finite-rank 
projection E on Ti and a unitary flow V on ETi such that < s\\x\\ for x ^ T , 

11(1 - E)i\, < eUW for i e uj and \\EUtxU;E - VtExEV;\\ < £\\x\\ for x e J" and 
tG [-1,1]. 

Let A be a C* -algebra and let a be a flow on A. We call a quasi- diagonal {resp. pseudo- 
diagonal) if {A, a) has a covariant representation (tt, f/) on a Hilbert space Ti-^, with vr 
faithful and non- degenerate, such that [tt^A), U) is quasi- diagonal {resp. pseudo-diagonal) . 

In the above definition vr is required to be non-degenerate. But this is not essential. 
A direct proof will be given in the beginning of Section 2 but this also follows from 
Theorems 11.51 and 11.61 below. Thus we immediately obtain the following result. (We do 
not know if a similar statement is true or false for approximately inner flows.) 

Corollary 1.2 Let a be a quasi- diagonal {resp. pseudo-diagonal) flow on a C*-algebra 
A and B an a-invariant C* -subalgebra of A. Then a\B is quasi- diagonal {resp. pseudo- 
diagonat) . 

Let H denote the self-adjoint generator of U in the above definition. In general H is 
unbounded. If Q is a a bounded operator on H then [Q, H] is defined to be bounded if 
QV{H) C T>{H) and QH — HQ is bounded on Ti{H) (and extends to a bounded operator 
on 7f). We may replace the condition || [ii^, < e for t G [—1,1] in the definition 
of quasi- diagonality by the seemingly stronger condition [[[i?,,?/]]! < e. The opposite 
implication can be seen from the proposition given below. Using this we conclude that 
quasi- diagonality implies pseudo-diagonality since if [[[-E,-?/]!! < e and we set Vt = e**^^-^ 
then \\EUt7i{x)Ui* - VtE7r{x)EV*\\ < 2e||7r(x)|| for any x e A. 

Proposition 1.3 Let U be a flow on Ti and H the self-adjoint generator ofU. For any 
e > there is a 6 > satisfying the following condition. 

If E is a projection such that \\[E, Ut]\\ < S for t G [—1, 1], then there is a projection 
F onH such that \\E - F\\ < e and \\ [F, H] \\ < e. 
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Proof. Note that it follows from the above estimate on || [E, Ut]\\ that || [E, Ut] || < 5(1 + \t\) 
for all if: G R. In addition to this estimate we use the fact that t ^— UtEUl is continuous 
in the strong operator topology. 

Let / be a non-negative C°° function on R such that supp(/) C [1/3, 4/3] and f{t) = 1 
for t e [2/3, 1]. Define / by f{p) = {2Tr)-^ J e-'P'f{t)dt and set C = / \tf{t)\dt < oo. Let 
ghe a. non- negative C°° function on R such that the support of g is compact, J g(t)dt = 1 
and / \g'it)\dt < ejC. Set D = J g{t){l + \t\)dt. Assuming 5D < e/2 < 1/3 we define 

Q = j g{t)UtEU*dt . 

Then < Q < 1, \\Q - E\\ < 6/2 and ||[if,(5]|| < e/C, where i[H,Q] is identified with 
-/ g'{t)UtEU*dt. Since Sp(Q) C [0,^/2) U (1 - e/2,1] it follows that F = f{Q) = 
J f{t)e'^^^dt is a projection satisfying ||F — Q\\ < e/2. It also follows that ||[if, < 
[[[//, Q] II / \tf{t)\dt < e. Since \\E — F\\ < e, this concludes the proof. (See [5] for the 
norm estimates used here.) □ 

We note that a covariant representation (p, V) of [A, a) naturally induces a represen- 
tation p X of the crossed product A x^H on the representation space Hp of p. We 
denote by IC(Hp) the compact operators on Hp. 

By extending Voiculescu's theorem |22j| to accommodate the flow we establish the 
following: 

Theorem 1.4 Let a be a quasi- diagonal {resp. pseudo-diagonal) flow on A. If {p,V) is 
a covariant representation of A such that pxV is a faithful representation of Ax^H and 
Ran(p X V) n IC(Hp) = {0} then {p{A),V) is quasi- diagonal {resp. pseudo-diagonal) . 

Mimicking the corresponding result due to Voiculescu [21] we shall give characteriza- 
tions of quasi- diagonal and pseudo-diagonal flows. 

If A and B are C*-algebras then a linear map (p of A into B is called positive if 
(p{A^) C -B+ and completely positive (or CP) if (pn = id®0: Mn^A Mn®B is positive 
for all n. 

Theorem 1.5 Let a he a flow on a C*-algebra A. Then the following conditions are 
equivalent: 

L a is quasi- diagonal. 

2. For any finite subset T of A and e > there is a finite- dimensional C* -algebra B, a 
flow (3 on B and a CP map (p of A into B such that < 1, ||0(a;)|| > (1 — £:)||a;|| 
and \\(f){x)(f){y) — (f){xy)\\ < e||x||||?/|| forx,y G J^, and \\Pt(p — <p(^t\\ < £ fort G [—1, 1]. 

3. For any finite subset T of A and e > there is a covariant representation (vr, U) and 
a finite-rank projection E on Hn such that \\E7r{x)E\\ > \\x\\ —e and \\[E,tt{x)]\\ < 
e\\x\\ for X E J-" and \\ [E, Ut] \\ < e for t G [—1, 1]. 
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Theorem 1.6 Let a be a flow on a C*-algehra A. Then the following conditions are 
equivalent: 

1. a is pseudo- diagonal. 

2. For any finite subset of A and e > there is a finite- dimensional C* -algebra B, a 
flow (3 on B and a CP map (p of A into B such that ||0|| < 1, > (1 — £^)||a;|| 
and ||0(a;)0(|/) — (t){xy) \\ < e\\x\\ \\y\\ for x^y & , and \\(3t4>{x) — (l)at[x)\\ < £\\x\\ for 
X ^ T and t G [—1, 1]. 

3. For any finite subset of A and e > there is a covariant representation (tt, f/), a 
finite-rank projection E on and a unitary flow V on ETi.,^ such that ||-E'7r(x)-E'|| > 

and\\[E,Tr{x)]\\ < £\\x\\ for x e and \\EUtTT{x)U;E -VtETT{x)EV;\\ < 
e\\x\\ for X ^ T and t G [—1,1]. 

In the above theorems the finite-dimensional C*-algebra B can be assumed to be a 
matrix algebra for some G N. 

If A is separable and a is a pseudo-diagonal flow let be an increasing sequence 
of finite subsets of A whose union is dense in A and choose, for each (jF„,n~^) in place 
of (J^, e), a CP map 0^ into M^^ and a flow /^'-"^ on M^^ as specified in condition (2) of 
the above theorem. Thus we can define a non-continuous fiow /3 on the direct product 
B = n„^fcn by I3tix) = UnPl'^\^n) for x = G 5 and a CP map of A into B 
by = (0„(x))„. Let / = 0„Mfc^, which is the ideal of B consisting of sequences 
converging to zero, and let Q denote the quotient map of B onto B/I. Then it follows that 
ip = Qcj) is an isomorphism of A into B/I satisfying ipat = I3tijj. A separable C*-algebra is 
an MP algebra if it can be embedded into Yin ^k^l -^^n some {kn) (see ^ for MP 
algebras). We may call the fiow a an MF flow since it satisfies the intertwining property 
with j3. It might be interesting to explore this class of fiows. 

We will show that if a is an approximately inner fiow on a quasi-diagonal C*-algebra 
then a is pseudo-diagonal (Proposition I2.17j ). We will also show that if a is a pseudo- 
diagonal fiow on a unital C*-algebra then a has KMS states for all inverse temperatures 
(Proposition 12. 8p . 

If A is an AP algebra and a is an (approximate) AP fiow then it follows that a is 
quasi- diagonal (Proposition I2.18|) . If A is an AP algebra which has a faithful family of 
type 1 quotients then any fiow on A is quasi-diagonal (Proposition I2.25p . 

Let a (resp. /3) be a fiow on a C*-algebra A (resp. B). We say that (5, /5) homotopically 
dominates (A, a) if there are homomorphisms A ^ B and ip: B A and a homotopy 
[Xs] s G [0, 1]} of homomorphisms of A into A such that (pat = Pt4>y V'A = cai^^ XsC^t = 
C(tXs, Xo = "^0 and Xi = idyl- The main result of Voiculescu's paper pi| has the following 
analogue: 

Theorem 1.7 Suppose that {B,j3) homotopically dominates {A, a). If (3 is quasi- diagonal 
then a is quasi- diagonal. 
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This implies that if a is a flow on a C*-algebra A then the flow a ^ id on A® Co[0, 1) 
is quasi-diagonal. (The family of endomorphisms 0s, s G [0, 1] of A ® Co[0, 1) defined by 
(f)s{x){t) = x{st) commutes with the flow a® id and satisfies (pi = id and 0o = 0. This also 
follows directly from Proposition 12 ■14[ ) Thus approximate innerness does not follow from 
quasi- diagonality without further conditions on the C*-algebra. Another result of this 
type is that if a is a flow on a quasi- diagonal C*-algebra A then the flow (3 on A® C[0, 1] 
defined by l3t{x){s) = ast{x{s)) is quasi-diagonal (Proposition 12.151) . 

We note that we have not been able to give the pseudo-diagonal version of the above 
theorem. We also note that we do not know if quasi-diagonality is strictly stronger than 
pseudo-diagonality or not. 

Let u be an a-cocycle, i.e. let u denote a continuous function from R into the unitary 
group of M{A) such that t ^— > is continuous in the strict topology and UsQsiut) = Ug+t 
for s, t e R. li A is unital then the multiplier algebra M{A) is just A and the strict 
topology is the norm topology. We say the flow t Adw^at is a cocycle perturbation 
of a. We note that quasi-diagonality (resp. pseudo-diagonality) is stable under cocycle 
perturbations (Propositions [2!2] and 12.5]) . We also note that if B is an a-invariant hered- 
itary C*-subalgebra of A which generates A as an ideal then ajs is quasi-diagonal (resp. 
pseudo-diagonal) if and only if a is quasi-diagonal (resp. pseudo-diagonal) (Corollary 12. 7p . 

In Section 2 we will give the above basic facts on quasi-diagonal and pseudo-diagonal 
flows and some examples including the proof of Theorem II. 71 For example the rotation 
flow on the continuous functions on the unit circle is not quasi-diagonal (and not even 
pseudo-diagonal) but the rotation flow on the continuous functions on the unit disk is 
quasi- diagonal. In Section 3 we generalize Voiculescu's Weyl-von Neumann theorem [22] 
to cover the present situation and thereby prove Theorem II. 4[ In Section 4 we deal with 
the adaptation of Voiculescu's results in [21] to prove Theorems 11.51 and 11.61 

2 Quasi-diagonal and pseudo-diagonal flows 

Let a be a flow on A. The definition of quasi-diagonality, or pseudo-diagonality, of 
a required the representation tt in the covariant representation (vr, U) of (A, a) to be 
faithful and non-degenerate. But the non-degeneracy of vr is not essential by the following 
argument. 

First this is evident if A is unital. Therefore we assume that A is not unital. 

Secondly, let vr be a faithful degenerate representation of A on a Hilbert space Ti and U 
a unitary flow on H. such that Ad[/t7r(x) = Tiat{x) for all x & A. Let P be the projection 
onto the closure of 'k{A)'H. Note that UtP = PUt and let us denote hj UP the unitary 
flow t ^ UtP on PH. 

Suppose that {tc{A), U) is pseudo-diagonal. We shall show that (7r(y4)P, UP) is pseudo- 
diagonal. For a finite subset JF of A, a finite subset uj of P7i and e > we choose a 
finite-rank projection E onTi and a unitary flow V on ETi which satisfy the conditions 
of the definition. Let /Ci be the subspace (1 — P)EH. We find a subspace A^2 of PH 
with the same dimension as /Ci such that /C2 is orthogonal to PETi and ||7rat(a:)|/c2 1| < 
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(£:/2)||x|| for X G J-' U J-'* and t G [—1, 1]. Let Wi be a unitary from /Ci onto IC2 and 
denote by the projection onto /Cj for i = 1,2. Regarding Wi as W^i = WiP, let 

= + ty* + (1 - Pi - P2), which is a unitary on 7^, and let F = WEW*. Since 
WEH c - P)EH + WPEH C P2W^(1 - P)En + PEH, it follows that F < P. 
Since 7r(x)PFE = 7i{x)WiE + n{x){l - Pz)^ = 7i{x)P2{Wi - 1)E + 7r{x)E we obtain 
\\n{x)WE - n{x)E\\ < e, which implies that \\F7cat{x)F - WVtW*FTT{x)FWVt*W*\\ < 
5e||x|| for x E and t G [—1, 1]. The other properties follow easily. Thus the pair F and 
1 1— > WVtW* satisfies the required conditions for {'ir{A)P, UP). 

Now suppose that (vr(y4), U) is quasi-diagonal. Let (vr, U) be the direct sum of (vr, XpU) 
over all rational numbers p, on the representation space Ti = ^pTi., where XpU is the 
unitary fiow t e^^^Ut- Let P be the projection onto the closure of tt{A)1-L as before and 
let P be the projection onto the closure of 7f(yl)7i, i.e. P = ®pP- We shall show that 
(7r(A)P, UP) is quasi- diagonal. 

From now on we use vr, f/, P to denote vf , ?7, P. We have now assumed that ir x U 
is faithful besides {71(A), U) being quasi-diagonal. Let H be the self-adjoint generator 
of U. For a finite subset J-' of A, a finite subset u of P7i and e > we choose a 
finite-rank projection E on Ti such that < £ holds in addition to the other 

conditions in the definition. There is a finite-dimensional subspace /Ci of (1 — P)7^ such 
that /Ci D (1 — P)EH and ||[Pi,if]|| < e/2, where Pi is the projection onto /Ci. Let 
Ai, A2, . . . , A„ be the eigenvalues of PiHPi in increasing order. We choose a finite-rank 
projection P2 such that P2 < P, P2P^ = 0, ||P27r(a;)||, ||7r(x)P2|| < (£/2)||a;|| for x G J^, 
||[P2,i/]|| < s/2 and the increasing list of eigenvalues of P2HP2 are arbitrarily close to 
Ai, A2, . . . , A„. (In particular Pi and P2 have the same rank.) This is possible by the 
lemma below which uses faithfulness of ir x U. Then we choose a unitary Wi of /Ci onto 
P2n such that WiPiHPi ^ P2HP2W1. We set W = Wi + + {1 - Pi - P2). Then 
F = WEW* < P and \\UtW - WUt\\ < e\t\ (by making WiPiRP^ ^ P2HP2Wi precise). 
This implies that F satisfies the required conditions. 

Lemma 2.1 Suppose that A is non-unital and let tt,U,P be as above. For any finite 
subset JF o/A, A G R and e > there exists a unit vector ^ G PTi such that ||7r(x)^|| < e 
forxeJ^ and \\Ut^ - e'^*^\\ < €\t\. 

Proof. Let z = XlieJ^-^*-^ denote the spectral measure for H. Suppose that 

there is an e > such that (^,vr(z)^) > e for any unit vector ^ in Ph-(A — e,\ + e)PT-C. 
Let / be a non-negative C°°-function on R such that / 7^ and supp(/) C {\ — e, \ + e). 
Since vr x f/ is faithful X{f){z — £)X{f)* > 0, where A(/) = / f(t)Xtdt is a multiplier of 
A Xq, R such that 7r(A(/)) = f{H). Applying dp and taking the integral over p implies 
that J \ f{t)\'^at{z) is invertible, which contradicts that A is non-unital. (See 7.8 of [20] 
for more details.) □ 

In order for a to be quasi- diagonal or pseudo-diagonal the C*-algebra A must be quasi- 
diagonal. Moreover, it follows that if a is quasi- diagonal then the crossed product AxaH 
is quasi- diagonal. (The pair (vr, U) gives a representation vr x ?7 of A Xq, R, which may 
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not be faithful, such that vr x U{A R) is quasi- diagonaL As a faithful representation 
of A Xq, R is required in the definition of quasi-diagonality we may take the direct sum of 
IT X XpU over all rationals p as in the previous paragraph.) 

If a is a flow on an AF algebra A then the crossed product A x^ R is AF-embeddable; 
in particular it is quasi- diagonal. (We learned this fact from M. Izumi; the argument uses 
the fact that the crossed product of A by is AF-embeddable, due to [23] and |9].) 

As we shall see a need not be quasi-diagonal, nor pseudo-diagonal, even if A x^, R is 
quasi- diagonal. 

Proposition 2.2 Let a be a flow on A and letu he an a-cocycle. Then a is quasi- diagonal 
if and only if t ^ Ad-u^a^ is quasi- diagonal. 

Proof. If A is unital this follows straightforwardly. Suppose that A does not have a unit 
and that a is quasi-diagonal. Thus we assume that A acts on a Hilbert space Ti non- 
degenerately and there is a unitary flow U such that at{x) = UtxUl for x & A and (A, U) 
is quasi-diagonal. Let J-" be a finite subset of A and uj a finite subset of Ti. Then we 
choose p, e G A such that < p < e < 1, ep = p, ||a; — pxp\\ ~ for x G JF, — ^|| ^0 
for ^ G and ||af(e) — e|| ~ for t G [—1, 1]. We choose an a-cocycle v m. A + CI such 
that \\{ut — Vt)e\\ ~ 0, t G [—1, 1], where t is continuous in norm [T7]. We choose 

a finite-rank projection E such that ||[i?,a;]|| ~ for a; G U {p, e} U {vt, t G [—1,1]}, 
II (1 — E)^\\ for ^ G and || [E^ H] || 0. By the lemma below there is a subprojection 
F oi E such that Fp ^ Ep, Fe ~ F, and || [F, H]\\ ^ 0. Since ||x — pxp\\ ~ for x ^ T 
we have ||[F, a;]|| ~ ||[i?,x]|| ~ for x ^ T. Since Ute ~ Vte and eut ~ evt we have 
||[F,Mt]|| ^ ||[F, Wf]|| ^ for t G [-1, 1], which implies that ||[F,Mtf/i]|| ^ for t G [-1, 1]. 
Further we have ||(1 - F)^|| ^ ||(1 - ^)^|| for ^ G o^. □ 

Lemma 2.3 For any e > there exists a 6 > such that the following holds. 

Ife,p G A and a finite-rank projection E satisfy < p < e < 1, ep = p, ||at(e) — e|| < S 
fort G [—1,1], II [i?, if] II < S, ||[-E',e]|| < 6 and \\[E,p]\\ < 6, then there is a finite rank 
projection F such that F < E, \\Ep — Fp\\ < e, \\Fe — F\\ < e and \\[F,H]\\ < e. 

Proof. Let e' = EeE, p' = EpE, and H' = EHE. Since || [e^*^, e'] || ^ for t G [-1, 1] 
and 11(1 - E)HE\\ ^ we conclude that || [e**-^^', e'] || ^ for t G [-1,1]. Then Lin's 
theorem [191 H] for almost commuting self-adjoint e' and H' in B{E1-L) tells us that there 
is a self-adjoint h in B{ET-C) such that h k, e' and || [g, H'] || ^ uniformly for any spectral 
projection q of h. Since p'e' ~ p'we deduce that p'h ^ p' . Let F be the spectral projection 
of h corresponding to [1 — £:/2, 1]. From the lemma below and p' = EpE ^ Ep we may 
suppose that \\Fp — Ep\\ < e. Since \\Fh — F\\ < e/2 and h ^ EeE we may also suppose 
that ||Fe - F|| < e. Since [F,H] = [F, H'] + FH{1 - E) ~ (1 - E)HF it follows that 
||[F, i7]|| < II [F, if'] II -|- 11(1 — E)HE\\., which we may suppose is smaller than e. □ 
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Lemma 2.4 For any e,e' > there is a C > such that the following holds. 

For any h,p ^ A^a such that 0</i<l, 0<p<l and \\hp — p\\ < S the spectral 
projection F of h corresponding to [1 — e, 1] satisfies \\Fp — p\\ < e' + C6. 

Proof. Fix a continuous function / on [0, 1] such that < / < 1, /(I) = 1 and supp(/) C 
[l—e, 1] and choose apolynomial q(t) = J2k=i ^^t^ with g(l) = 1 such that \ f{t)—q{t)\ < e' 
forte [0,1]. Since \\q{h)p-p\\ < Y.l^-^\ck\k5 = C 5 and \\f{h)-q{h)\\ < it follows that 
II (1 — F)p\\ = II (1 — F){1 — f{h))p\\ < e' + C6, where F denotes the spectral projection of 
h corresponding to [1 — e, 1] . □ 



Proposition 2.5 Let a be a flow on A and u an a-cocycle. Then a is pseudo-diagonal 
if and only if t ^ Adw^aj is pseudo-diagonal. 

Proof. If A is unital this follows straightforwardly. Suppose that A does not have a unit 
and that a is pseudo-diagonal. Thus we assume that A acts on a Hilbert space Ti non- 
degenerately and there is a unitary flow U such that at{x) = UtxUl, x E A and {A, U) 
is pseudo-diagonal. Let u be an a-cocycle in M{A). Further let JF be a finite subset of 
A and uj a finite subset of Ti. Then, by the lemma below, we choose p, e e A such that 
< p < e < 1, ep = p, \\x — pxp\\ ~ for X G JF, \\p^ — i\\ ~ for ^ Go;, ||at(e) — e|| ~ 
for t G [—1, 1] and ||[e,Mt]|| for t G [—1, 1]. For u and e we choose an a-cocycle v in 
A + Cl such that ||(nt — ft)e|| ^ for t G [—1, 1] [H]. We then express Vt as wUj;'''"^ at{w*) , 
where w G W(A + CI), h = h* E A -\- CI and Uf'^'"^ denotes the a-cocycle defined by 

jj(,h,a) = 1 + ^ / at^ {ih)at2 i^h) ■ ■ ■ at„ {ih)dti ■ ■ ■ dt^ 

where = {(ti, ^2, • • • , ^n) : < ti < t2 < ■ ■ ■ ^ ^ — similarly for 

t < (see Lemma 1.1 of [Hj). 

Let Q = J-'U{p, e}U{at{h), at{w); t G [—1, 1]}. Then ^ is a compact subset of A-\-Cl. 
Since {A, U) is pseudo-diagonal, we choose, for Q and oj, a finite-rank projection E and a 
unitary flow V on E7i such that ||[i?,a;]|| ~ for x G ^, ||(1 — E)E,\\ ~ for ,^ G and 
\\Eat{x)E - VtExEV*\\ < e\\x\\ for x G ^ and t G [-1,1]. Set A = Ad 14 on B{EH). 
From the above expression for uj;'^'"^ we note that 

Evt = EwU^^^'^^at{w*) ^ EwEUf^'^''^^[5t{EwEy 

for t G [—1, 1]. Thus replacing EwE by a close unitary in B{ET-[) we obtain a /5-cocycle b in 
B{En) such that Evt ^ Ebt for t G [-1, 1]. It follows that EAdvtat{x)E ^ Mbtf5t{ExE) 
for X G and t G [-1,1]. Since Mbtl3t{EeE) ^ EAdbtat{e)E ^ EAdvt{e)E ^ 
EAdut{e)E ^ EeE for t G [—1,1], by Lemma 12.31 there is a subprojection F of E 
such that Fp ^ Ep, Fe ~ F and ||[-F, if']|| ^ 0, where H' is the self-adjoint generator of 
t ^ btVt. 
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Since ||x — pxp\\ ~ for x G JF, we have ~ [[[-E'jXjH ^ for x G and since 

^ ^ for ^ G we have ||(1 - ^ ||(1 - E)S,\\ for ^ G a;. We conclude that 

FMutat{x)F ^ FAdvtatix)F ^ F Ad e'^^' {Ex E)F ^ Ade™'-^(FxF) for x e □ 

Lemma 2.6 Let A be a non-unital C* -algebra and a a flow on A. Letu be an a-cocycle in 
M{A). Then there exists an approximate identity {e^)^^i in A such that max{||Q;((e^) — 
e^ll : t G [—1,1]} and max{ II [e^, Mt] II : t G [—1,1]} converge to zero. Moreover one 
may assume that there is another approximate identity (p^)^g/ with the same index set I 
satisfying the same conditions as (e^) and e^j^Pfj, = for fi E L 

Proof. Define a fiow 7 on M2 ® A by 7t(ei2 ^ x) = ei2 (8> at{x)u^ for x E A. (Thus 
7t(eii <S) x) = cii (g) at{x) and 74(622 <^ x) = 622 ® Adutat{x).) We choose an approximate 
identity (/^) in M2 A such that max{||7((/^) — /^|| : t G [—1, 1]} 0. By taking a 
net in the convex combinations of {/^} we may further suppose that ||[ejj (g) 1, /^]|| 0. 
Then we define G A by 



which is almost equal to f^. Thus it follows that ||7i(l ® e^) — 1 (8> e^|| < \\jt{l ^ e^) — 
Itiffj.^ + Wltiffi) - f^l\\ + II/m - 1 ® e^ll, which converges to zero uniformly in t on [-1, 1]. 
Since 7t(l ® e^) = en ® at(e^) + 622 ® Utat{e^)ul, this completes the proof for the first 
part. To prove the additional assertion, we choose two continuous functions f,g from 
[0, 1] onto [0, 1] such that /(O) = g{0) = 0, /(I) = ^(1) = 1 and fg = g. Then the pair 
/(e^) and 5f(e^) satisfy f{e^)g{e^) = g{e^). One can prove that /(e^) (resp. fi'(e^)) is an 
approximate identity satisfying the required properties. □ 

Corollary 2.7 Let a be a flow on A and let B be an a-invariant hereditary C* -subalgebra 
of A such that B generates A as an ideal. Then a is quasi-diagonal {resp. pseudo-diagonal) 
if and only if a\B is quasi- diagonal {resp. pseudo-diagonal) . 

Proof. The "only if" part follows from the definition even if B is an arbitrary a-invariant 
C*-subalgebra of A. (See also Theorems 11.51 and II. 61 ) 

Suppose that q;|b is quasi-diagonal (resp. pseudo-diagonal). If A is separable (or has 
a strictly positive element), then B ® K, and A® K, are isomorphic with each other (see 
[7j), where /C is the separable C*-algebra of compact operators. Under this identification, 
a ® id on y4 (g) /C is a cocycle perturbation of al^^jfi (see [17]). Thus the "if" part follows 
from Propositions 12.21 and 12.51 in the separable case. 

Suppose that A is not separable. Let JF be a finite subset of A. Since the linear span 
of ABA is dense in A, there is a countable subset Q of AB such that the closed linear 
span of {xy* : x,y E Q} contains JF. Let Ai be the a-invariant C*-subalgebra of A 
generated by Q. Then Ai D JF. Since as{x)*at{y) G fl 5 for x, ?/ G Q, the hereditary 
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C*-subalgebra Bi = AiCi B of Ai is essential, i.e. it generates Ai as an ideal of Ai. Since 
a 1^1 is quasi-diagonal (resp. pseudo-diagonal), it follows that a\Ai is quasi-diagonal (resp. 
pseudo-diagonal). Since JF is arbitrary this completes the proof. □ 

Recall that pseudo-diagonality follows from quasi- diagonality. 

Proposition 2.8 Suppose that a is a pseudo-diagonal flow on a unital C*-algebra A. 
Then a has a KMS state for all inverse temperatures including ±00. 

Proof. Let be a finite subset J-" of A and e > 0. For each (JF, e) we have a flow /? on a 
finite-dimensional C*-algebra B and a CP map (p of A into B such that 0(1) = 1, \\4>{x) \\ > 
(1 — e)||a;|| and \\(j){x)(j){y) — (j){xy)\\ < e\\x\\\\y\\ for x,y & J-" and ||/3t0(x) — 0af(x)|| < £:||a;|| 
for X & and t G [—1, 1]. Here we have replaced the condition ||0|| < 1 by 0(1) = 1 since 
A is unital. To justify this we note that we may assume that 1 G JF, which entails that 
110(1)2 - 0(1)11 < e and ||A(0(1)) - 0(1) || < e for t e [-1, 1]. By functional calculus for 
small e we obtain a projection p from 0(1). Since ||/9t(p) — p\\ is of order e for t G [—1, 1] 
we can perturb /5 by a /5-cocycle which differs from 1 on [—1, 1] by up to order e and 
suppose that (3t{p) = p. Replacing B by pBp and by g0( • )q with q = (^0(1)^)"^/^ and 
restricting /3 we can assume that is unital. Since — p|| is of order e we could start 
with a smaller e to obtain the right estimates. 

There is a self-adjoint h & B such that (3t = Ade**^. Fix 7 G R and define a state (p 
on B by 

^(Q) = Tr(e-^''g)/Tr(e-^'^), 

where Tr is a trace on B. Then is a KMS state on B with respect to (3 at inverse 
temperature 7. 

Let = v^0 be a state on A where ip and depend on (JF, e). Let / be a weak*- 

limit point of f^^^e), where the set X of (JF, e) is a directed set in an obvious way. We 
fix a Banach limit ip on L°°{X) such that f{x) is the ip limit of (.F, e) 1— > f{r,£){x) for 
X G A. Note that f{xat{y)) is the -0 limit of (JF, e) 1-^ (y9(0(xat(?/))), which is close to 
ip{(f){x)Pt<P{y)) around 00. Thus one can conclude that / is a KMS state at 7. 

A similar proof works for a KMS state for 7 = ±00 (or a ground state and ceiling 
state). See [5], E] for more details on KMS states. □ 

We may call such a state fjr ,, on A as above a local KMS state (depending also on the 
choice of B,(f),i3,h and Tr on B) and a KMS state f on A obtained as a limit of local 
KMS states locally approximahle. It follows that the locally approximable KMS states at 
an inverse temperature form a closed convex cone. It may be natural to ask whether all 
the KMS states are locally approximable for a pseudo-diagonal flow on some C*-algebra. 
An easy example of such will be given later. 

We remind the reader that if a is approximately inner then we obtain the same conclu- 
sion as in the above proposition [5]. The proof is similar. Since there is a flow on a unital 
AF algebra which has no KMS states for 7 > 0, we know that there is a flow, on a uni- 
tal AF algebra, which is not pseudo-diagonal. Obvious examples of non-pseudo-diagonal 
flows follows: 
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Example 2.9 LetVt be a compact Haus dor ff space and a a flow of homeomorphisms ofVt 
such that no point ofQ is fixed under a. We denote by the same symbol a the flow of the 
(7-algebra on A = C{fl) which naturally arises as at{f){uj) = f{a-t{uj)) for f G C{Q) 
and uj & Q. Then the flow a is not pseudo-diagonal since if a has a KMS state for non- 
zero inverse temperature then a acts trivially on 7i{A)" , where tt is the associated GNS 
representation of A, {since 7r(y4)" is commutative) and this implies the existence of fixed 
points under a in Q. 

Example 2.10 Define a flow a on the C*-algebra Co(R) by at{f){s) = f{s — t). Then 
a is not pseudo-diagonal. If one defines self-adjoint operators P and Q by P^{s) = 
—i-£Cis) and Q^{s) = s^{s) then there is a finite sequence /i,/2,...,/„ in Co(R) and 
e > such that if a finite-rank projection E on -^^^(R) satisfies \\Efi{Q)E\\ > (1 — 
and \\[E , fi{Q)]\\ < e\\fi\\ fori = l,...,n then \\[E,P]\\ > e. {This statement appears 
considerably stronger than the statement that if E is a finite-rank projection on -^v^(R) 
such that \\EVLo\\ > 1/2 then \\[E,Q]\\ + \\[E,P]\\ > 1/3, where fio = Tr-^/^e-^'/^ ^/^g 
vacuum vector.) 

First consider the paranthetic assertion and note that {P — iQ){P + iQ) > 1 and 
{P — iQ)Qo = 0. Assuming there is such a projection E with ||£'f^o|| > 1/2 let T = 
E{P + tQ)E and ^ = \\[E , P]\\ + \\[E , Q]\\ < 1. Then T^ = [E , P + tQ]^ + {P + iQ)^ ior 
C e EL^{K) and this implies that \\T^\\ > (1 - 7)||^||. Since T*Eno = E{P - tQ)Eno = 
E[P - iQ,E]no we deduce that \\T*Eno\\ > 7. Since \\T-^\\ = ||(T*)-i|| (as operators 
on the finite-dimensional subspace -EL^(R)) it follows that ||ii^fio||/7 ^ (1 "~ 7)^^ 
7 > ||i?f2o||/(||-Ef2o|| + 1) > 1/3- (This assertion is related to the Heisenberg uncertainty 
principle.) 

To establish the principal assertion of Example 12. 101 we may add an identity to Co(R), 
i.e. we may consider a as acting on the continuous functions on R"^ = RU{cxd}. We define 
a unitary u e C(R+) by u{t) = 1 for \t\ > 1 and u{t) = e^''(*+^) for t G (-1, 1). Note that 
at{u) = e~*^'u for t > 0, where bt is a continuous function on R with supp(6() = [—1, 1 + t] 
such that bt{s) = 1 + s for s G [-1, -1 + t], bt{s) = t for s G {-1+t, 1) and bt{s) = 1 + t-s 
for s G [1,1 + t]. 

We fix to £ (0, 1/2) and e G (0, 1/6) and introduce f,g,h G Co(R) as in Lemma [2.121 
below. In particular it follows that foit{g) = Oit{g) and fbt = h for t G [0,to], {u — l)g = 
u — 1, and btgh = t^h. By applying Theorem 11.61 to u, /, g, h, bt G [0, to] etc. we obtain a 
unital CP map (p of C(R'^) into M„ for some n and a fiow P on M„ such that (f){u*)(j){u) ~ 
1, (Kgmu) - 1) ^ 0(m) - 1 ^ (0(^i) - 1)0(^7), (l){at{g)) ^ PMg)) and </.(«*(«)) ^ 
0(e"*'")0(u) ^ e~"^'^^'V('") ~ A(0(^)) for t £ [0,to] in addition to the conditions which 
ensure the conclusion of Lemma [2. 121 We construct the spectral projections F,G,H E 
out of 0(/), (t){g)i <P{h) corresponding to [1 — 5, 1] with a small 5 > as in Lemma [2. 121 In 
particular this ensures that G{(t>{u) — 1) ^ (f){u) — 1 and F(3t{G) ~ Pt{G) and F(f){bt) ~ 
(l){bt) for t G [0,to]- By slightly modifying F we can suppose that GF = G. By the 
polar decomposition of G(j){u)G + 1 — G ~ 4'{u) we obtain a unitary W G M„ such 
that W = GWG + 1 - G and e-''^^'"^W ^ (3t{W). Let V he & unitary fiow in M„ 
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such that j3t = AdVt. Since FVtGF ^ VtG there is a unitary Yt G FMnF such that 
YtG ~ VtG. We may suppose that t G [0,to] ^— Yt is continuous with Yq = F. Since 
W{F -G) = F -G and F(3t{G) ^ we deduce that Fi3tiW)F ^ YtWY* where 

W is now regarded as a unitary in FMnF . By using _Pe~*'^^'''^F g-«^</'(^t)'^ -^g thus 
deduce that FtiyF/iy* ^ g-iF./.CbO^' \^ for t G [0,to]- Hence there is a self-adjoint 
dt G FM„F such that rft ^ and FtiyYtW* = f>-iF<i>{^t)F ^idt ^ where 1 1-^ is continuous. 
Since det(FtiyF,W*) = 1 we obtain -Tr(F0(6i)F) + Tr(rfi) G 27rZ. Since FtW/PF* = 1, 
6t = and rft = at t = it foUows that Tr(F0(6t)F) = Tr(rff). Note that Tr(F<5)(6t)F) > 
m{F(j){h)F) > t{l - 6)Tt{FHF) and Tt{FHF) is almost greater than dim(F)/3 (by 
Lemma r2.12p . Since |Tr((if)| < \\dt\\ dim(F) ^ this gives a contradiction for some t away 
from 0. (See [HIE] for more details.) □ 

Lemma 2.11 For any ei,e2,e' > there is a C > such that the following holds. 

For any h,p ^ Asa such that 0<h<l,0<p<l, and \\hp — p\\ < S the spectral 
projections F of h and G of p corresponding to [1 — £1,1] and [1 — £2,1]; respectively, 
satisfy \\FG-G\\ <e' + C5. 

Proof. The proof is similar to that of Lemma 12. 4[ □ 



Lemma 2.12 Fix to G (0,1/2) and e G (0,1/6). Define g G Co(R) by g{s) = for 
\t\ > 1 + e and g{s) = 1 for t G [—1, 1] and by linearity elsewhere. Define f G Co(R) 
by f = a^eig) V Oito+eig) where a is the translation flow of Example \2.1CK {Note that 
f{s) = 1 for s e [-1 - e, 1 + to + and fat{g) = at{g) for t G [0, to].) Define h G Co(R) 
by h(t) = for t < —1 + to and t > 1, h{t) = 1 for t G [—1 + to + e,l —e] and by linearity 
elsewhere. {Note that f ■ \/{<^s(^) '■ \s\ < to + Se} = /.) 

Let 6 G (0, 1) and suppose that a is pseudo-diagonal. Then for any e' > there 
is a unital CP map (p of Go(R^) into M„ and a flow (3 on Mn satisfying the following 
assertion. If F , G, and H are spectral projections of(f){f), (f){g), and(f){h), respectively, 
corresponding to [1 — 6,1], then \\Ff3t{G)—f3t{G)]\ < e' fort G [0,to] and dim F < 3 dim if. 

Proof. The estimate ]\FG — G\\ < e' follows from Lemma [2. Ill by assuming \\(f){f)(f){g) — 
(p{g)\\ ~ 0. If (j){at{g)) ~ Pt{<P{9)) sufficiently closely then Pt{G) is almost dominated 
by the spectral projection Gt of 4>at{g) corresponding to [1 — 36/2, 1] (and almost dom- 
inates the spectral projection corresponding to [1 — 6/2, 1]). (See Lemma 2.2 of [3].) If 
(j){f)(t)at{g) ~ 4"^t{9) sufficiently closely then FGt ~ Gt. Thus, assuming \\(f){f)(j)at{g) — 
0at(c/)|| « 0, it follows that F(3t{G) ^ pt{G) for t G [0,to]- 

Let ti = —to — 3e,t2 = 2 — 2to — 6e, and ta = 4 — 3to — and note that at^ {h) V at^ {h) V 
^tz {h) - f = f and that there are non-negative /i, /2, /s G Co(R) such that / = /i + /2 + /s 
and at-{h)fi = fi- Suppose that dimF > 3 dim if however we choose and /?. Then, 
since dim F > dim(/5t^ {H)\/ [3t2{H)\J l3t^{H)), there is a state (p on M„ such that '{>{F) = 1 
and ip{Pti{H)) = for i = 1,2,3. By assuming that ||0(/j)0at. (/i) — 4>{fi)\\ ~ etc. we 
would have ip{(j){fi)) for i = 1,2,3, which implies that ip{(f){f)) ~ 0. But since 
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ip{(f){f)) >1 — 5 due to ^{F) = 1 this is a contradiction. Hence diniF < Sdimff follows 
if0(/,)0aj/i)^0(/,). □ 



Example 2.13 Let D denote the unit disk {2; G C : l-z] < 1}- Define a flow a of 
homeomorphisms o/D by at{z) = ze**. Then the induced flow onC(D) is quasi- diagonal. 
More generally letv be a continuous function on [0, 1] of finite variation and define a flow 
a' on D by a'tiz) = e''<\'\h. Then the induced flow on C(D) is quasi- diagonal. Note that 
the origin is a fixed point which is neither absorbing nor repelling. 

We shall prove the first assertion here. The second one will not be proved but follows 
from the proof of Proposition 12.151 given later. 

Let a denote the induced flow on C(D) and j3 the rotation flow on C(T), i.e. (3t{x){z) = 
x{ze~^^), where T={zgC: |2;|<1}. We regard C(T) as acting on L^(T). Then 
(3 is implemented by the unitary flow U defined by Ut^{z) = ^(ze"**). Note that Ut = 
YlT=-oo G^^^Pk where Pk is a rank-one projection. For r G [0, 1] let vr^ be the restriction map 
of C(D) onto C(T): TTr{x){z) = x{rz). For n G N, we define a covariant representation 
Pn of C(D) by pn = ®2=o'^k/n with the unitary flow f/(") defined by f/^"^ = 0^=o 

Let JF be a finite subset of C(D) and e > 0. For any 6 > there is an n G N 
such that ||pn(a;)|| > (1 — S)\\x\\ for all a; G and ||vrr(x) — 7rs(a;)|| < S\\x\\ if x E J-' and 
Ik — sll < 1/n. We find a decreasing sequence Tq = Fq, Gq, Ti, Fi, Gi, . . . , T„, G„ = of 
non-negative operators in the convex hull of the Pk such that all F^ and Gk are projections, 
\\{Fk - Gk)nk/n{x){Fk - Gk)\\ > {l-S)\\7ik/n{x)\\ foTX G JF and || [T^, 7rfc/„(x)]|| < S\\x\\ for 
X G JF. We construct the sequence in the reverse order. 

After choosing Gk, since iTk/rix) is not compact, one can choose F^ to satisfy the 
condition \\{Fk - Gk)7rk/n{x){Fk - Gk)\\ > (1 - 6)\\nk/n{x)\\. By the general theory of 
quasi-central approximate units, (see P or [20]), one can choose Tk > Fk. If Tk is chosen 
we set Gk-i to be the support projection of Tk. After repeating this process a finite 
number of times we construct Fq. Since || [T^, 7rfc/„(x)] || < 5||a;|| is void for A; = we can 
set To = Fq. 

We define a finite-rank projection E = S*S on 0^^^ ^^(T) with S = ((Tq-Ti) (Ti- 
T2)^/^, . . . , (T„ — Tn+iY^'^) with Tn+i = 0. Since SS* = Tq, E is indeed a finite-rank 
projection. Since all the Tk commute with U , it follows that [E, ul^^ = 0. Since E is tri- 
diagonal, [E, p„(x)] is expressed as the sum of the diagonal part ^k=o\.'^k —Tk+i, T^k/nix)], 
the upper off-diagonal part 

n-1 

^{Ek,k+l'^ik+l)/n{x) - nk/n{x)Ek,k+l}, 
k=0 

and the lower off-diagonal part 

n-1 

^^{Ek+l,k'^k/n{x) — H(^k+l)/n{x)Ek+l^k}, 
k=0 
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where Ek,k+i = Ek+i,k = {Tk - Tk+iY/'^{Tk+i - Tk+2Y''^ = (Tk+i - T^^iY^"^. Thus one can 
conclude that || [i?, p„(x)] || < e\\x\\ for x G for a sufficiently small 6. The diagonal part 
of Epn{x)E is given by the direct sum of 

(Tk — Tk+l)TCk/nix){Tk — Tk+l) + Ek^k+lTC{k+l)/nix)Ek+l,k + Ek,k-lT^{k-l)/n{x)Ek-l,k, 

over k = 0,1, . . . ,n, where Ek^k+i etc. are given above and the term should be omitted if 
k + 1 = n + 1 oi k — 1 = —1. Hence the norm of this is greater than or equal to 

n 

0(Ffc-Gfe)7r,/„(x)(Ffc-Gfc). 

A:=0 

Thus we obtain ||i?p„(x)-E'|| > (1 — ioi x E T for a small 5. □ 

Since 7ro(x) = x(0), ttq is an a-invariant character. Hence we could choose t i— > 1 for 
a unitary flow implementing a instead of the U which has spectrum 27rZ, but then the 
above proof would fail. 

The above proof was taken from the proof of Proposition 3 of [24j. It is appropriate to 
indicate how to prove Theorem 1 1.71 at this point. First we establish the following analogue 
of Proposition 3 of [21] . 

Proposition 2.14 Let a [resp. 13) he a flow on a C*-algehra A [resp. B). Let {(ps] s G 
[0, 1]} be a homotopy of homomorphisms of A into B such that (pgC^t = l^t'Ps o.nd f]^ Ker(0s) = 
{0}. If (3\^^(^A) "is quasi- diagonal then a is quasi- diagonal. 

Proof. Let (p, V) be a covariant representation of {B,f3) such that p x y is faithful and 
contains no non-zero compact operators in its range. Then, by the assumption, pips 
is faithful and (p0i(A), V) is quasi-diagonal. Let H denote the self-adjoint generator of 
V . Let be a flnite subset of A and e > 0. There is a self-adjoint compact operator K 
on Tip such that \\K\\ < e/2 and Hi = H + K is diagonal. For any small constant 5 > 0, 
there is an n G N such that if |si — S2I < 1/n and x G then — 0S2(^)II — ^ll^ll 

and if X G then max^ 1 1 (x) || > (1 — (5)||x||. There is a flnite increasing sequence 
Go = 0, Fq, Tq, Gi,Fi,Ti, G2, ■ ■ ■ , Gn, En = T^. of non-negative compact operators in the 
maximal commutative von Neumann algebra generated by a family of minimal projections 
commuting with Hi such that all Gk, Ek are projections, \\{Ek — Gk)'n'k/n{x){Ek — Gk)\\ > 
(1 - 6)\\7ik/n{x)\\ for X G JF and || [T^, 0fc/n(a:)]|| < S\\x\\ for x G J". Let vr = ®'l^Qp(pk/n 
and U = ^n=o ^ ■ ^^^^ covariant representation space 0^=0 deflne a flnite-rank 

projection E as S*S G M„+i®i3(7-^p), where S is the row vector (Tq, (Ti — Tq)^/^, . . . , (T„ — 
T„_i)^/^). If b is sufficiently small, one can show that (vr, f/) and E satisfy Condition (3) 
of Theorem 11.51 for [T ,e). (See the proof of Proposition 3 of [24J for more details.) □ 

Theorem 11.71 follows from Proposition 12.141 exactly as in Theorem 5 of [21] . Let us 
reproduce the proof here. We have two flows a ow A and (3 on B such that {B,j3) 
dominates {A, a), i.e. there are intertwining homomorphisms cf): A ^ B and ip: B ^ A 
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such that il!(f) is homotopic to the identity in the endomorphisms of A commuting with a. 
The assumption that /? is quasi-diagonal implies that P\(j,{A) is quasi-diagonal and hence 
that the flow a on A/KeT{(f)) induced from a is quasi-diagonal. Let D = A (B y4/Ker(0) 
with the flow a©d and consider two intertwining homomorphisms ipcpQir and id©7r from 
A into D, where vr is the quotient map of A onto A/KeT{(j)). Then, since Ran('?/'0 © vr) 
is isomorphic to A/Kei^cj)), we conclude that a © a\Rs,n{i(>(f>(Bn) is quasi-diagonal. Since 

© TT is homotopic to id © tt in the intertwining homomorphisms and id © vr is injective 
Proposition 12.141 implies that a is quasi-diagonal. This concludes the proof of ll.7[ (See 
[21] for another formulation.) 

We can also show the following variant of Proposition 3 of [21] . 

Proposition 2.15 Let a be a flow on a quasi- diagonal C -algebra A and define a flow (3 
on B = A® C[0, 1] by j3t{x){s) = ast{x{s)). Then P is quasi-diagonal. 

Proof. Let (tt, U) be a covariant representation of {A, a) such that it x U is faithful. 
For s G [0, 1] we define a map (ps of B onto A by (psix) = x{s). For each n G N let 
Ln = 1 + 1/2 + 1/3 -f- . . . + 1/n and let Sfc = L"^ "£^=1 1/m for A; = 1, 2, . . . , n with 
So = 0. We define a representation 7r„ of i? by 7r„ = ^^^qT^cPi-s^ a unitary flow 
^i""* = 0fc=o^{i-sfe)t which implements (3. Given JF and e > we construct the required 
finite-rank projection in the representation space 7i„ = 0^=o '^^ ^'^^ some large n. 
The finite-rank projection E = {E^i) is defined just as before as the tri-diagonal matrix 
S*S by choosing a finite increasing sequence To,Ti,...,T„ of finite-rank non-negative 
operators as above; E^k = T^-Tk-i and E^^k+i = Ek+i,k = (Tk-Tk-iY^'^iTk+i-Tky/^ = 
(Tfc — Tiy/"^. Since f/*^") is not the direct sum of n + 1 copies of the same flow it is not 
sufficient to assume almost commutes with Ut{i_sk)- To achieve KdU\:^\E) ^ E we 
must also have 

Since E^^^^i almost commutes with U , this amounts to -E'fc,fc+if^t(A;+i)-iL"^ ~ -E'fc.fe+i, i-e. 
(f/,-l)(r,-T|)^Oif |t| <(fc + l)-iL-i. 

Let X be the linear subspace of Co(R''') consisting of non- increasing C°°-functions / 
on R such that f{t) = 1 for all small t and f{t) = for all large t. We regard H as the 
generator of t \—>- Xt in the multiplier algebra M{A Xq, R) and write f{H) = J f{t)\tdt. 
Since f{H) with / G X is a subspace in M(AXqR) and contains the identity in its closure 
with respect to the strict topology, there is an /_ G X such that || < (£/4)||a;|| 
for all x G J-", where JF is the given finite subset of A. Since this inequality is left invariant 
under the dual fiow we may assume that f~{t) = 1 for t < and f-{t) < 1 for t > 0. Let 
L = min{t : = 0} and define /+ by f+{t) = 1 — + L). On the other hand there 

is an L' > such that 

\\Xi^L',L')iH)xxi^L',L')m\>a-e/2)\\x\\ 

for X G JF where X{-l',l') is the characteristic function of the interval {—L', L') (and hence 
X{-L',L'){H) is an open projection in the second dual of A Xq, R). We define fk G Co(R) 
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by 

hit) = f+{t + kL + {2k + l)L')f_{t -kL- {2k + 1)L') 

for A; = 0, 1, 2, . . .. We note that supp(/fc) = [-{k + 1)L - {2k + 1)L', {k + l)L + {2k + 1)L'], 
fk{t) = 1 for t e l-kL - {2k + l)L',kL + {2k + 1)1'], hfk+i = fk, and \\[fk{H),x]\\ < 
(e/2)||x|| for x e J^. 

Let Pq = X(-L',L'){H) where H now denotes the generator of U. We choose a finite-rank 
non- negative operator Tq on such that Tq < fo{H), \\[TQ,Ut]\\ < e for t e [—1, 1], and 
||[ro,7r(2;)]|| < (£/2)lkll and ||PoTo7r(a;)ToPo|| > (l-£)||x|| for x e This is possible since 
the set of finite-rank operators T satisfying < T < fo{H) forms a convex set invariant 
under Adf/^ and contains fo{H) in its closure with the strict topology on 1C{1-Lt^) and 
fo{H) satisfies all the conditions required for Tq with stricter coefficients. Let Gi be the 
support projection of Tq and let Pi = X(-l-3L'-l-l'){H) + X{l+l',l+3L'){H). We will find 
a finite-rank non-negative operator Ti on 7^^ such that Gi < 71 < fi{H), \\[Ti,Ut\\\ < e 
for t e [-1,1], and || [Ti, 7r(a;)] || < (£/2)||a;|| and ||PiTi7r(a;)TiPi|| > (1 for x E J^. 

For this purpose let be a large number and let P be a finite-rank projection such 
that P < X{-L-L',L+L'){H) and \\FUtGiU; - UtGiU;\\ = \\U*FUtGi - Gi\\ ^ for ah 
t e [-N,N]. We then choose a finite-rank T such that F < T < fi{H), ||[T,Pi]|| < e, 
||[T,7rQ;t(x)]|| < (2£/3)||x|| and ||PiP7rQ;t(x)PPi|| > (1 - 2£/3)||x|| for x e and t e 
[—N, N]. Then by taking J h{t)UtTUfdt instead of T with an appropriate function h > 
and assuming that is large enough we can see that all the conditions are satisfied with 
TGi ~ Gi instead of Gi < T. We then modify T slightly to obtain a Ti which satisfies 
all the conditions. Note that TiPq = Po and ||[Pi - Pq, 7r(a;)]|| < e\\x\\. 

By repeating this process we obtain Pq, Pi, . . . , P„_i such that P^ < fk{H), T^T^-i — 
Tk-i, ||[Pfc,Pi]|| < £ for t e [-1,1], ||[Pfe -Pfe_i,7r(x)]|| < e\\x\\ and ||PfePfe7r(x)PfePfe|| > 
(1 — for x e J^, where 

Pk — X{-kL-(2k+l)L'-kL-{2k-l)L'){H) + X(kL+{2k-l)L' ,kL+{2k+l)L'){H) . 

Let = X{~oo-nL-(2n+i)L'){H) + X(2nL+{2n+i)L',oo){H). By usiug that A is quasi-diagonal, 
we then choose a finite-rank projection Tn such that P„ > P„_i and ||P^P„7r(a:)PriP^|| > 
(l-£)||x|| and ||[P„,7r(x)|| < e||a;|| for x e JT. If \t\ < {k + 1)-^ L-\ then ||(Pt-l)(Pfc- 
T^)\\ < \L{k + 1) + P'(2A; + 1)|(A; + 1)~^P;;^ < (P + 2P')/P„. Since P„ ^ oo as n ^ oo 
we obtain the desired sequence Pq, Pi, . . . , P^ for some n. □ 

Example 2.16 Let Ag denote the irrational rotation C*-algehra generated by two uni- 
taries u,v satisfying uv = e^'^'^^vu with 9 G (0, 1) irrational. {Then Ag is a unital simple 
AT-algebra with a unique tracial state.) Let a be a flow on Ag such that at{u) = e**M 
and at{v) = e*^*v with some p e R. Then a is not pseudo- diagonal. This follows 
because if uj is a KMS state for the inverse temperature (3^0 then one must have 
e~^ = uj{u*aif3{u)) = (jj{uu*) = 1 which is a contradiction. Thus a has no KMS states 
and a is not pseudo-diagonal. 
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Proposition 2.17 Let A be a quasi- diagonal -algebra and a an approximately inner 
flow on A. Then a is pseudo-diagonal. 

Proof. Suppose A acts non-degenerately on a Hilbert space Ti. such that A is a quasi- 
diagonal set of B{7i). 

Let J-" be a finite subset of A and £ > 0. By assumption there is cin. h = h* E A 
such that ||a((a;) — Ade**^(x)|| < £:/3||a;|| for x E T and t G [—1, 1]. There is a finite-rank 
projection E on H such that H-Exi^ll > (1 — £)\\x\\ and ||[ii^,a;]|| < e\\x\\ for x E J-', and 
\\[E, h]\\ < Since \\Ee'^^E - e'^^^^E\\ < e/3 for t e [-1, 1], it follows that 

\\Eat{x)E - Ade''^^^{ExE)\\ < e\\x\\ 

for all X E T. Note also that \ExEyE — ExyE\ < ||?/|| for x,y E T. By setting 
B = B{En), (3t = Ade'*^''^ and 0(x) = ExE we obtain Condition (2) of Theorem [LS □ 

If a is a pseudo-diagonal fiow on A and B is an a-invariant C*-subalgebra of A then 
is pseudo-diagonal, i.e. pseudo-diagonality is preserved under passing to an invariant 
C*-subalgebra. But it is not evident that this property holds for approximate innerness. 

Proposition 2.18 If a is an A F flow then a is quasi- diagonal. 

Proof. By assumption the C*-algebra A is an AF algebra and has an increasing sequence 
(An) of finite-dimensional C*-subalgebras such that A„ is dense in A and at{An) = An. 
We choose a maximal abelian C*-subalgebra Dn of An fl A'^_i (with Aq = CI) such that 
a is trivial on Dn and let D be the C*-subalgebra of A generated by all Dn. Let (0„) be 
a dense sequence in the characters of D. Each (pn uniquely extends to a pure a-invariant 
state of A which we also denote by 0„. Note that 0„ n^^ is a faithful representation of A. 

In the GNS representation vr^ of A for (p = (pn we define a unitary flow U by UtTT^{x)Q^ = 
7i^at{x)flfi,, X E A. It follows that (tt^, ?7) is a covariant representation of {A, a). Denote 
by En the finite-rank projection onto the subspace 7r^(y4„)fi„. Then 7r^(a;)] = for 
X G An, [E,Ut] = and lim„ = 1. This shows that {n^{A),U) is quasi-diagonal. 
Denoting U by [/"^ we conclude that (0„ vr^^, 0„ ?7<^") is quasi-diagonal. □ 

From the above proof one can construct a projection of norm one 0„ of A onto An such 
that at\A„ ° 4>n = 4>n° c^t, from which follows a stronger form of Condition (2) of Theorem 
IL5I By using this fact one can show that all the KMS states are locally approximable for 
an AF fiow (see 4.6.1 of [21] and the comment after Proposition 12.81) . This remark also 
applies to approximate AF fiows [16]. 

A quasi-diagonal fiow on an AF algebra is not expected to be simply a cocycle per- 
turbation of an AF fiow because there is a more general type of AF fiow (see [21] for 
commutative derivations which generate such fiows). Specifically, there is a fiow a on a 
unital simple AF algebra A, which is not a perturbation of an AF fiow, such that A has an 
increasing sequence (Bn) of a-invariant C*-subalgebras of A with dense union satisfying 
a\Br, is uniformly continuous and Bn = v4„ (g) C[0, 1] with An finite-dimensional [15j. We 
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take an a-invariant pure state / such that f\B„ reduces to an evaluation on C[0, 1]. Then, 
in the GNS representation associated with /, the subspace 7Tf{Bn)^f is finite-dimensional, 
which gives the desired finite-rank projections. 

Example 2.19 Let (An) be an increasing sequence of finite- dimensional C* -algebras and 
A the closure of the union A„. Let Bn = Ai® A2® ■ ■ ■ ® An. We define an embedding 
of Bn into -B„,+i as follows: if k < n then Ak of Bn is identified with A^ of -B„+i and An 
is mapped into An © An+i by duplication. Let B be the closure of the union |J,^ Bn {which 
is also defined as the -algebra of bounded sequences (x„) with x„ G An such that lim„x„ 
converges in A). We note that B has many finite- dimensional quotients. Let In be the 
ideal generated by all Ai C Bm with i ^ n < m. Then B/In is isomorphic to An. Since 
f]In = {0}, one concludes that B is quasi- diagonal. This shows that any flow (3 on B is 
quasi- diagonal {since j3 fixes In). 

Let a be an approximately inner flow on A and choose an hn = hn & An such that 
Ade**^"(x) at{x) for x G A. We can define a flow (3 on B as follows. Let Z?*-"^ denote 
the flow on Bn implemented by ®fc<„/iA:- One shows that j3['^^\x) converges for x E B 
and defines (3 as the limit. 

Conversely, if a flow (3 is given on B then we have an hn = /i* € A„ such that the 
induced flow on B /In is given by Ad e**''" and can argue that Ad e**''" converges to a flow 
on A. Hence one concludes that (3 is defined just as in the previous paragraph. 

Example 2.20 Let A be a residually finite- dimensional C* -algebra and a a flow on A 
which fixes each ideal of A. Then a is quasi- diagonal. This follows because A has a 
separating family of finite- dimensional representations which must be covariant under a. 
Thus the direct sum of these representations gives the required faithful representation of A. 

Example 2.21 Let 7 denote the periodic flow on the UHF algebra (^^^^ M2 of type 2°° 
given by 7^ = Ad(l © e^'^**) and let A be the fixed point algebra of •y. The dimension 
group of A is isomorphic to Z[t] with the positive cone of strictly positive functions on 
the open interval (0, 1). There is a decreasing sequence Ji, I2, . . . of ideals of A such that 
A/Ii = CI, f]nln = {0}, and In/In+i — ^ for n>\, where /C is the compact operators 
on a separable infinite- dimensional Hilbert space. It follows from the next lemma that any 
flow on A/ In is quasi- diagonal and this then implies that any flow on A is quasi- diagonal. 

Lemma 2.22 If A is a type I AF algebra then any flow on A is quasi- diagonal. 

Proof. There is a strictly increasing family {/^} of (closed) ideals of A indexed by in a 
segment [0, v] of ordinals such that Jq = {0}, = A, |J/^<7 -^m dense in for any limit 
ordinal 7, and J^+i//^ is generated as an ideal by a minimal projection for any yU < z/, i.e. 
J^+i//^ = /C or otherwise Mm for some m = 1, 2, . . . (see, e.g. [2D] for type 1 C*-algebras). 
In the following we allow = and call this a composite series for A. Note that 

any fiow a on A fixes each ideal (because the ideal is generated by projections). We shall 
prove the statement that any fiow on A (with a composite series indexed by [0, i/]) is 
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quasi- diagonal by induction on u. If z/ = 1 this is obvious since A = IC or Mm for some 
m and any flow on A is inner, {li A = IC we use the Weyl-von Neumann theorem.) 

Suppose that this is shown for any v < a. Let A be a type I AF algebra with a 
composite series {/^} with G [0,cr]. If a is a limit ordinal, then is dense in 

A. Since Ii, has a composite series indexed by [0, v\ the induction hypothesis implies 
that any flow on ly is quasi-diagonal which in turn implies that any flow on A is quasi- 
diagonal. If 0" is not a limit ordinal (and la-i 7^ A) then there is a minimal projection 
in A/I„_i which is an image of a projection e of A. The existence of such a projection 
e follows since A is AF. Let J(e) denote the ideal of A generated by e and note that 
A = J(e) + Jcr-i = J(e) + (1 — e)/o— i(l — e). Since (1 — e)/o— i(l — e) is an ideal of 
(1 — e)A{l — e) and is generated by an increasing sequence of projections it follows 
that the sequence J{e + Pn) is increasing and J(e +Pn) is dense in A. Set e„ = e + Pn- 

Let a be a flow on A. Then there is an a-cocycle u in A (or A + CI if A is not 
unital) such that Adutat{en) = e„. To prove that a is quasi-diagonal on J{en) it suffices 
to show, by Proposition 12.21 that Adua is quasi-diagonal on B = e„y4e„. Note that B 
has a composite series {J^} with = e„/^e„ C and /i G [0,cr]. Since B / J^_i = CI 
and any flow on J^-i is quasi-diagonal one can conclude that any flow on B is quasi- 
diagonal. Thus we conclude that a\j(e„) is quasi-diagonal for any n, which implies that a 
is quasi-diagonal. □ 



Remark 2.23 If A is a type I AF algebra then any flow on A is an approximate AF flow 
[or a cocycle perturbation of an AF flow [Z^). The proof is quite similar to the above but 



using Corollary 1.6 of\I?^ in place of Proposition \277\ Thus the above lemma also follows 
from this fact and Proposition \2.1Sl 

Remark 2.24 Let A be a type I C* -algebra and a a flow on A which fixes each ideal. 
Then a is universally weakly inner and is approximately inner. {N.B. A need not be 
quasi- diagonal.) This follows from [131 [8]. 

Problem Is a quasi- diagonal flow on an AF algebra approximately inner? 
Summarizing Example 12.211 gives the following. 

Proposition 2.25 Let A be an AF algebra and suppose that there is a sequence {In} of 
ideals of A such that f]^ In = {0} and A/ In is of type I for all n. Then any flow on A is 
quasi- diagonal. 



Proposition 2.26 Let A be a unital AF algebra and let a be a flow on A. Suppose that 
there is a covariant irreducible representation {it, U) such that (vr(A), U) is quasi- diagonal. 
Then there is an increasing sequence {En) of finite-rank projections on Ti^^ and an a-cocyle 
u in A such that [En, 7c{ut)Ut] = and Bn is dense in A where 

Bn = {xe A; [Ek, 7t{x)] = 0, A; > n}. 



19 



Proof. Let (An) be an increasing sequence of finite-dimensional C*-subalgebras of A such 
that the union is dense in A. We omit vr in the arguments below. 

Given a finite-rank projection E on Ti. and e > there is a finite-rank projection 
F on n such that AiEH C FH, \\[F,x]\\ < e\\x\\ for x e Ai and ||[F,f/j]|| < e for 
t G [—1, 1]. Since Ai is finite-dimensional the average of vFv* over v in the unitary group 
of Ai is in a small vicinity of F (depending on e and dimAi) which yields a projection 
F' with II -F — -F'll small by functional calculus. We note that E < F', F' G A'^, and 
||[F', f/JII < £:' + 2||F' — F|| for t G [—1,1]. Since ||F — F'|| can be made arbitrarily small we 
now suppose that the finite-rank projection F satisfies E < F, F & A'^ and ||[F, Ut\\\ < e 
for t G [—1, 1]. By Proposition 11.31 one obtains a projection F' in a small vicinity of F 
such that II [F', H]\\ is small where H is the self-adjoint operator with Ut = e^*"^ . Using the 
irreducibility of A and Kadison's transitivity theorem we obtain a.nh = h* E A such that 
[h,F'] = [H,F'] and \\h\\ = \\[H,F']\\. We define V to be the unitary part of the polar 
decomposition oi X = F'F + {1- F'){1- F). Since ||X- 1|| < 2||F-F'|| and = F'X 
we conclude that ||V^ — 1|| is small and that VFV* = F'. A second application of Kadison's 
transitivity theorem gives a unitary v E A such that vF' = VF' and ||f — 1|| < ||y — 1||. 
Note that ^Q^KH-h)^* commutes with F. Let Ut = ve^^^^~'^^v*e~'''^^ G A. This is an a- 
cocycle satisfying UtUfF = FufUt and \\ut — 1|| is small for t G [—1, 1] because \\h\\ and 
\\v — 1\\ are small. Note that if E satisfies that [E,Ut] = then we may suppose that 
UtE = E. 

We apply the foregoing procedure repeatedly and each time make a perturbation by 
selecting a cocycle. 

Let {^n) be an orthonormal basis for Ti. We construct a sequence (F„) of finite-rank 
projections and a sequence (u^^^) of cocycles such that F„^„ = F„_i < F„, F„ G A'^, 
ut^En-i = En-1, ||mJ"^ - 1|| < 2~" for t G [-1,1], and u^""^ is a^^^-^^-cocycle, where 
a^'^^ = a and a*-"^ = Adu^^^a^'^~^\ Then a^") converges to a fiow q;*^°°) which is a cocycle 
perturbation of a with the cocycle ut obtained as the limit of ^["^mI" ■ ■ -u^^^ . Since 
-Bn 3 ^n, the union [j^Bn is dense in A. The other requirements follow easily. □ 

Let a be a flow on a unital simple AF algebra A and consider the following conditions. 

1. There is a covariant irreducible representation (tt, f/) of A such that {tt{A),U) is 
quasi- diagonal 

2. There exists an a-cocycle u and an increasing sequence (-Bn) of residually finite- 
dimensional C*-subalgebras of A such that i?„ is dense in A and each i?„ and its 
ideals are left invariant under Ad ua. 

3. a is quasi-diagonal. 

The above proposition shows that (1) implies (2). It is immediate that (2) implies (3) 
since Adua\B„ is quasi-diagonal. But to show that (3) implies (1) we would need to 
extract more information on {A, a) in addition to the conclusion of Proposition 12.81 
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3 Voiculescu's Weyl-von Neumann theorem 



Our aim is to prove a version of Voiculescu's non-commutative Weyl-von Neumann the- 
orem [22]. A new feature is that we deal with a C*-algebra together with a derivation 
implemented by an unbounded self-adjoint operator. 

Theorem 3.1 Let a be a flow on a separable C*-algebm A and {7^,11) {resp. {p,V)) a 
covariant representation of {A, a) on a separable Hilbert space such that the range of pxV 
does not contain a non-zero compact operator. IfKeT{px V) C Ker(7r x U), then there is a 
sequence Wi, W2, ■ ■ ■ of isometrics from H-jr into Hp such that n{x) — W*p{x)Wn G KiTi-,,) 
and ||vr(x) - iy^p(a;)py„|| Q for x e A. In addition Hu - W*HvWn G JCiH-,,) and 
\\Hu — W*HvWn\\ where Hu {resp. Hy) is the self-adjoint generator of U {resp. 
V). Furthermore ^/Ker(p xV) = Ker(7r x U) and the range of n x U does not contain a 
non-zero compact operator then the Wn can be assumed to be unitary. 



This theorem immediately allows a proof of Theorem 11.41 



Proof of Theorem \1.4\ Suppose that a is a quasi-diagonal flow on a C*-algebra A. 
Thus there is a faithful covariant representation vr of A and a unitary flow U on the same 
space satisfying AdUtn{x) = 7raf(x) such that {'7i{A),U) is quasi-diagonal. By taking 
the direct sum of (tt, XpU) with p rational, if necessary, we may further suppose that 
TT X f/ is a faithful representation of A x^, R and the range of vr x f/ does not contain 
a non-zero compact operator. Let (p, V) be another pair such that Ker(p x V^) = {0} 
and Ran(p x V^) fi ]C{Hp) = {0}. Let be a finite subset of A, u a. finite subset of 
Tip and e > 0. Let B be the a-invariant C*-subalgebra of A generated by JF. Since 
i? is a separable C*-algebra we can apply Theorem 13.11 to (vrl^,?/) and {p\b,V). Since 
Ker(7r|B xU) = {0} = Ker(p|B x V) and tcIb x U and p\b x V satisfy the range condition 
there is a unitary W from Hp onto Ht^ such that \\p{x) — W*7i{x)W\\ < (e/4)||x|| for 
X E J-' and \\Hy — iy*if[7iy|| < 6/2. Let E he a finite rank projection on Hn such that 
< (£/2)||a;|| for x e J^, \\{1-E)W^\\ < eU\\ ior ^ e u and \\[E,Hu]\\ < e/2. 
We set F = W*EW, which is a finite-rank projection on Hp. Then || [F, p(a;)] || < £\\x\\ for 
xeJ^, \\{l-F)a = \\{l-E)Wa<smioT^eiu,and \\[F, Hv]\\ < e/2+\\[E, Hu]\\ < e. 
This completes the proof in the quasi- diagonal case. A similar proof can be given in the 
pseudo-diagonal case. □ 

Now we turn to the proof of Theorem 13. 1[ 

Let cr be a completely positive map (or CP map) of A Xq, R into B{H). Let (e,y) be 
an approximate identity in A x^ R. Then a{eu) is increasing and bounded in B{H) and 
hence converges in the strong operator topology. Denote the limit by I and remark that 
/ is the supremum of {cr(x); x G A Xq, R, < x < 1} in B{H). 

More generally we extend a to a CP map from the multiplier algebra M{A Xq, R) 
into B{H). For x G M{A Xq, R) one shows that a{evx) converges in the weak operator 
topology since \ {^,a{{ep- eu)x)ri)\ < {^,a{ep- ey)if^ {'q,a{x*{ep- eu)x)r]f^'^ ioi p > v. 
We denote the limit by a{x\ It is also the limit of a{evxey) since (T(e,yx(e^ — Cy)) converges 
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to zero for all pairs /i, z/ with ^ > u as u ^ oo. Note that cr(A(/)) for / G L^(R.) and 
cr(A() for t G R are all well-defined where A denotes the unitary group implementing a on 
A and A(/) = / f{t)Xtdt G A Xq, R. From the definition we have that cr(l) = /. 

We next define the a-spectrum of a. Set J = {/ G ^^(R); A(/) > 0, a(A(/)) = 0}. 
Then J is a hereditary closed cone in L^(R)+ and the a-spectrum, denoted by SpQ,(cr), 
of (J is defined by f]{Ker/; / G J}. When SpQ,(cr) is compact and / G L^(R)+ satisfies 
/ = 1 on SpQ,(cr) then it follows that cr(A(/)) = cr(l). 

Note that t ^ o"(Af) need not be continuous (even if a is a state). Let V denote the 
set of ^ E H such that a{Xt — l)^/it converges strongly as t ^ 0. If P is a dense linear 
subspace then the operator H' defined on V as the limit of a(A( — l)/it is symmetric. 
If the closure of H', which we will denote by (j{H), is self-adjoint we will say that a is 
a-differentiable. If SPq,((j) is compact then a is a-differentiable and <j{H) is bounded 
(because if / G L^ijV) satisfies / = 1 on SpQ,(cr) and supp(/) is compact then it follows 
that cr{Xt) = cr(A(/)A() and t i— > X{f)Xt is different iable in t). If a is a homomorphism 
then 1 1— > cr(A() is a unitary flow and thus a is a-differentiable. 

From now on we always assume that the C*-algebra A is separable. 

Definition 3.2 Let a: Ax^R-^ B{n) and a' : A x ^Yi ^ B{H') he a-differentiable CP 
maps. For two bounded {or unbounded self-adjoint) operators T and T' {with a common 
domain) we write T T' if the difference T — T' is {or extends to) a compact operator. 

We write a ^ a' if there is a unitary V : Ti ^ Ti' such that (y{x) ~ V*a'{x)V for 
X G A U A Xq, R and a{H) ~ V*a'{H)V and cr < a' if there is an isometry W: H ^ 
n' such that a{x) ~ W*a'{x)W for x G AU AXaR and a{H) ~ W*a'{H)W where 
W*V{a'{H)) = V{a{H)) and WW*V{a'{H)) C V{a'{H)). 

We write a ~ a' if there is a sequence of unitaries Vn'- Ti. ^ 7i' such that the Vn 
satisfy the above conditions for V and \\cr{x) — V*a'{x)Vn\\ for x E AU A and 
||(T(if) — V*a'{H)Vn\\ — > 0, and cr a' if there is a sequence of isometrics Wn- H H' 
such that the Wn satisfy the above conditions for W , WnW* 0, ||cr(x) — iy„(T'(a;)iy„|| 
forx E AuAx^R and \\a{H) - Wy{H)Wn\\ 0. 

Note that ^ is transitive: if a ^ a' and a' ^ a" then a ^ a" as easily follows. 
We are now able to establish the following version of the Theorem 13. 1[ 

Theorem 3.3 Let (tt, U) be a covariant representation of {A, a) on a separable Hilbert 
space such that the range of it x U does not contain a non-zero compact operator. If p is 
an a-differentiable CP map of A x^, R into B{T-Cp) such that Qp is a homomorphism with 
KeT{Qp) C Ker(7r x U), where Q is the quotient map of B{Hp) onto B{T-Cp) / IC{TCp) , then 
a X U ^ p. 

The following lemma is an adaptation of 3.5.5 of |12j . 

Lemma 3.4 Let a be a homomorphism o/A x^, R into B{T-C) where Ti is a separable 
Hilbert space. Then there exists a sequence of CP maps cr„: A Xq, R — > B{T-Cn) such that 
Sp^{an) is compact, dimHn is finite, cr„(l) = 1 and a ^ CTn- 
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Proof. Let P be the spectral measure of the generator a{H) of 1 1— > (7{Xt). On each spectral 
subspace P{n, n+l]Tl we find a compact operator Kn such that H'^^ = a{H)P{n, n+\\+Kn 
is diagonal with eigenvalues in (n, n + 1] and ||-f^n|| < + !)• Then H' = Yln-^n 

is diagonal and is given by cr(if) + K where K = X^„i^n is compact. Let {En) be an 
approximate unit for }C{H) consisting of projections such that [En, H'] — 0. Note that 
each En commutes with P{k, k + 1], is dominated by P[—m, m] for some m and satisfies 
II [En, H]\\ = II [En, -fT] II — as n — oo. In the convex hull of there is an approximate 
unit for /C(7i) such that satisfies || o-{x)] || ^ for x G AuA Xq,R in addition 
to the conditions on H. Note that F„ is of finite rank. 

Let (J^k) be an increasing sequence of finite subsets of A U >1 Xq, R such that \J^. JF^ is 
dense in A[jAXa^a,nd £ > 0. By assuming ||[-F„, cr(a;)]|| and ||[-Fn, c''(-f^)]|| are sufficiently 
small we may suppose that D„ = (F„ — F„_i)^/^ with Fq — satisfies 

\\Dna{x) — a(a;)Z^„|| < £2"", x G 

and 

\\Dna{H)-a{H)Dn\\<e2--. 

The former follows from ||[F„ — o'(a;)]|| ^ as Dn is just a continuous function of 

Efi — En-i which can be approximated by polynomials. For the latter, where cr^H) is 
unbounded in general, we use the fact that both Dn and cr(if) commute with P{k, k + 1]. 
Thus we have 

[Dn, a{H)] = Yli^-^C"^ ^ + 1]' ('^(^) - '^)^(^' ^ + 1]]' 

k 

where each commutator is between elements of norm one or less. Since DnP{k, k + 1] = 
{FnP{k, A; + 1] — Fn-iP{k, k + 1])^''^ the latter inequality then foUows just as the former. 

Introduce the finite-dimensional subspace Hn of H by Hn = D-nH- Let H' = 0^ Hn 
and define a hnear map V from V, into V! by — 0^ This is an isometry since 
Ylin^n = 1- Let Qn be the projection onto Tin in Ti and let o"„(a;) = Qnc{x)Qn for 
a; G A Xq, R. Since 7Y„ is finite-dimensional and Dn = DnP[—m,m] for some m one has 
(T„(l) = 1 and Sp^((T„) is compact with o-„(iJ) = Qn(j{H)Qn = QnCr{H)P[-m,m\Qn. 
Define a' = 0„cr„. Then cr'(if) is well-defined and is equal to 0^cr„(if). 

We will show that VV{a{H)) C V{a'{H)) and V{a{H)) D V*V{a'{H)). If ^ e 
V{a{H)) then 

EiiM^)^neiP<Eii[^-(^)'^-]^+^-^(^)^ii'^2^iiH^)'^-]^i^^ 
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which imphes that e V{a'{H)). If 77 e V{a'{H)) and Pn denotes the projection onto 
the first N direct summands in Ti! then 

N 
n=l 

N N 

< II ^Wn{H), L>„]r?n|| + II XI Dn'7n{H)rjn\\ 

n=l n=l 

< eM + \\V*PNa'{H)7]\\, 

where we have used || [(t{H), || < £2~". Prom this kind of computation we can conclude 
that {a{H)V*P]\fr])N is a Cauchy sequence and so V*ri G V{a{H)). 

From the two inequahties above it follows that V{a{H)) = V*V{a'{H)) and VV{a{H)) = 
VV*V{a'{H)) C V{a\H)). Thus V{Va{H)) = V{a{H)) and V{a\H)V) = V*V{a\H)) 
are equal and on this common domain 

Va{H)i - a\H)Vi = {Dr,a{H)i - a{H)Dr,On. 

Since || cT(i/)] || < £2"", the closure of Va{H) - a'{H)V on V{a{H)) is a compact 
operator with norm less than e. Since the closure of Va{H)V* —a'{H)VV* on T>{a'{H)) is 
compact it follows that the closure of Va{H)V* — VV*a'{H) on V{a'{H)) is also compact. 
Thus we can conclude that the closure of a'{H)VV* — VV*(t'{H) on V{a'{H)) is compact. 
In the same way one concludes that Va{x) — a'{x)V is a compact operator for x 
and so for all x e A and all x e ^4 R. Note that ||Vcr(x) — cr'(x)V|| < £ for x e Ti. 
This concludes the proof oi a < a' — 0^ an- 

It also follows from the foregoing construction of a' and V that one has bounds 
||F(7(if) — a'(H)V\\ < e and [[^^(.t) — a'(a;)y|| < e ioi x E J^i where J^i is a pre- 
scribed finite subset of A U A R. One can then obtain a sequence of such (crjj., Vk) such 
that \\Vk(j{H) - a'f^{H)Vk\\ and \\Vk(T{x) - (T'k{x)Vk\\ ^ for all x e A U A x« R. 
Since the direct sum cr^ is of the form On described in the statement this concludes 
the proof. □ 



Lemma 3.5 Let p he a homomorphism o/A x^R into B{T-C) such that Ran(p) n/C(7Y) = 
{0} and let a be a CP map of Ax^H into B{C'^) such that cr(l) = 1, Sp^{a) is compact, 
and ker a D ker p. Then it follows that cr p. 

More generally let p be an a-differentiahle CP map 0/ A Xq, R into BiTi) such that Qp 
is an isomorphism where Q is the quotient map from B{Ti.) onto B{l-L) / K,{l-L) . Then the 
same conclusion follows. 

Proof. We may assume that A is unital. There is a C°^-function / G -^^^(R) such that 
the support of / is compact, < A(/) < 1 and / = 1 on Sp„((T). Then it follows that 
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cr(A(/)) = 1. We denote by p„ the representation id®p of Mn{A x^R) on Hn = C"®7Y. 
We define a state on Mn{A Xq, R) by 

1 " 
*,i=i 

where (^j) is the standard orthonormal basis for C". Since </'lKer((T ) ~ Ker(p„) C 
Ker((Tn), 0(crn(l ® -^(Z))) = 1 and Ran(p„) fl /C(C" ®7i) = {0} there is a sequence (r^fc) 
of vectors in C" ® ?^ such that {rjk, Pn{x)rik) (p{x) for x G M„(A x^ R), {rjk, Pn{i ® 
X{f))rik) = 1 and r^^ converges to zero weakly. Since 0(ejj (S> A(/)) = (5jj/n we may assume 

{rik,Pn{eij (g) A(/))?7fc) = 5y/n. 

Ifr/fc = (?7fci, . . . ,?7fc„) G C"(g)7^ = 7^©7^©■■■©7^ then we define an isometry Vfc : C ^ H 
by Vfc^j = \/nrjki. Then one can conclude that ||cr(x) — V'^*p(a;)Vfc|| — for x G A x^ R. 
(See the proof of 3.6.7 of [12j for details.) Since p(A(/))\4 = V^., a{H) = i\{f') and 
p{HX{f)) = ip{\{f')) it also follows that \\<j{x) — Vkp{x)Vk\\ — for a; G A and \\o-{H) — 
Vkp{H)Vk\\ 0. 

The condition required for the existence of the foregoing (rik) is precisely the content 
of the additional statement. Let B be the C*-algebra generated by the range of p and 
the compact operators. Then aQ is a CP map of B into i3(C") vanishing on /C(7i). 
Then the above arguments show that aQ ~ id^ for maps from B. Composing with the 
homomorphism p of A into B one arrives at the conclusion. □ 

The following is an adaptation of 3.5.2 of [12] . 

Lemma 3.6 Let p be an a-differentiable CP map of A Xq,R into B{T-l) such that Qp is a 
homomorphism where Q is the quotient map ofBiTi) onto B{7{) / KiTi) . Let an'- v4Xq,R — >• 
B(Hn) be a sequence of CP maps such that dimT-^^i < oc, cr„(l) = 1 and SpQ,(cr„) is 
compact. If an p for all n then a = 0^ (T„ ^ p. 

Proof. For each n there is a C°°-function /„ G -^^^(R) such that the support of / is 
compact, < A(/„) < 1 and /„ = 1 on Sp^(cr„). By cr„(A(/„)) = 1 and the assumption 
cr„ ^ p there is a sequence (Vfc) of isometries of Hn into H such that p(A(/„,))Vfc = Vk, Vkf] 
converges to zero weakly for rj G 7i„ and ||cr„(a;) — V^*p(a;)Vfc|| ^ for a; G A U A x^ R 
and X = H. 

Let {J-'n) be an increasing sequence of finite subsets of AU A x^H such that IJn-^" 
is dense in A U A x^, R and let e > 0. We construct inductively a sequence K„ : Hn H 
of isometries such that p(A(/„))Ki = Ki, \WniIL) — VnP{H)Vn\\ < e2~" and ||cr„(x) — 
\4*p(a;)Ki|| < £2'" for all x G J-'n, and moreover VnHn with n > 1 is orthogonal to 
the finite-dimensional subspace spanned by Vm^, p{H)Vm^, p{x)Vm^, p{x*)VmC, with ^ G 
Hm, X ^ Tn and m < n. (This last condition may require a slight modification of Vn, 
retaining p(A(/„))V^ = Vn, which will not affect the condition ||cr„(if) — V*p{H)Vn\\ < 
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el " since p(-ff) may be replaced by bounded p(//)p(A(/„)).) We define V = 
which is an isometry from 0„?^n into H. Since for x G J^m 

V*p{x)V = (V;V(X)V,),,,<„ © Vnp{x)Vrr, 

n>m 

one has 

a{x) - V*p{x)V = {ai{x)6^J - V* p{x)Vj)ij<m © ^Mx) - V*p{x)Vn), 

n>m 

where if m = 1 we ignore the first direct summand, otherwise it is an operator on Hi, 
which is finite-dimensionaL Then one concludes that the displayed operator is compact 
and that \\<j{x) — V*p{x)V\\ < e for x E T\. Similarly one has 

a{E) - r*p(ff)r = 0(a„(if) - V;V(i/)K), 

n 

which is compact with norm less than e. □ 

Proof of Theorem \3.3[ Let (tt, f/) be a covariant representation of {A, a) and p an 
a-differentiable CP map of A Xq, R into B{l-Lp) as in the theorem. We may assume that 
A is unital. 

Let a = IT X U. By Lemma 13.41 we find a sequence (T„: A Xq, R — B{T-Cn) of CP 
maps such that dim7-^„ < oo, cr„(l) = 1, SpQ,(cr„) is compact and cr ^ 0„crn- Since 
Ker((j„) D Kei^a) D Ker(p) Lemma [375] shows that cr„ ^ p. Since 0„o"„ ~ p by Lemma 
13.61 one concludes that o" ~ p. □ 

Proof of Theorem \3.1[ The first part of the theorem is a special case of Theorem 13.31 
Let Tt = TT X U and p = p x V and suppose that Ker(p) = Ker(7f). Let p°° denote the 
direct sum of infinite copies of p. Then applying the first part of the theorem to p°° and vf 
we deduce that p°° can be approximated by a direct summand 7fi of vf through a unitary. 
Here vfi is obtained as P7r{ ■ )P where P is a projection such that PT>[7r{H)) C T>{Tf{H)) 
and II [P, 7f (if)] II is small depending on the approximation. Thus vfi is an a-differentiable 
unital CP map and this situation will simply be written as p°° ~ vfi. Writing 7^2 = 
(1-P)7f( • )(1-P) one obtains that tt ~ 7fi©7f2 and that p°°©7f2 ~ vf. Since p©p°° ~ p°°, 
one calculates that p © vf ~ p © p°° © 7f2 ~ p°^ © 7r2 ~ vf . By changing the roles of p and 
7f we conclude that p ~ vf . Since this is true for any degree of approximation one obtains 
the conclusion (see the arguments on page 340 of [1] for more details). □ 

4 Abstract Characterizations 

Voiculescu [21] gave conditions for C*-algebras to be quasi-diagonal. By mimicking his 
proof we shall establish Theorems 11.51 and II. 6[ 
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Proof of Theorem \1.5[ (1)^(2). Suppose a is quasi-diagonal. Then there is a faithful 
representation ir oi A and a unitary flow U on Ti.,^ such that {it (A), U) is quasi-diagonal. 
For any finite subset T oi A and e > there is a finite subset uj of unit vectors in Ti^r 
such that max{|(^, 7r(x)?7)| : ^,rj G cu} > (1 — £:/3)||a;|| for all x G JF. Then there is a 
finite-rank projection on TYtt such that || [i?, 7r(x)] || < for x G JF, ||(1 — < e/3 
for ,^ G u; and || [E, H] \\ < e, where H is the self-adjoint generator of U . Set B = B^EH-,,), 
(3t = Ade**^-^^ and = E'k{x)E for x G A. Then it follows that ||</)(x)|| > (1 - e)\\x\\ 
for X G ||0(x)0(|/) — 0(x?/)|| < £||x|| ||?/|| for x, y G and — || < £ for t G [—1, 1]. 
The triple B,f3,(f) satisfies the required conditions. 

(2)^(3). Let be a finite subset of A and e > 0. Suppose there is a CP map 
of A into a finite-dimensional C*-algebra B with a flow /5 such that ||0|| < 1, ||(/>(x)|| > 
(1 — s)\\x\\ and \\(f){xy) — (f){x)(f){y)\\ < £:||x|| |||/|| for x,y G JF U JF* and \\Pt4> ~ (f>(^t\\ < ^ 
for t G [—1,1]. We may assume that is unital. (If A is not unital, we may assume this 
by extending as such; if A is unital we modify using the fact that 0(1) is close to a 
projection.) By Stinespring's theorem there is a representation tt oi A and a finite-rank 
projection E on Ti^^ such that identifies with E'k{ ■ )E. It follows that 

||0(x*x) -0(x*)0(x)|| = \\E-k{x*){1 - E)(t){x)E\\ 

= \\{l-E)^{x)Er. 

Since || [E, 7r(x)]|| = max{||E7r(x)(l - E)\\,Et^{x*){1 - E)\\} we obtain (3) except for the 
condition concerned with the flow. 

To prove (3) fully we have to modify and go back to the proof of Stinespring's 
theorem. For a small 7 > we replace by 

poo 
^ J -co 

Then Lp{V) = 1, jS-t'^at < e'^'^'y^ and H/^t^? — < e for t G [—1, 1]. (This method is used 
in [18].) Noting that \\l3-t<pcit - 0|| < ^(1 + \t\) we have \\if - 0|| < e{l + I/7), which is 
an arbitrarily small constant if e is chosen after 7. Hence we may assume that satisfies 
P-t(pat < e^'*'0 in addition to the conditions in (2). 

The above representation vr is constructed as follows. Assuming B acts on a finite- 
dimensional Hilbert space Ti we define an inner product on the algebraic tensor product 
A^nhy 

( ^ Xi ® ^i, ^ Vj ® r]j) = {^i, (p{x*yj)i]j). 

i j i,j 

We obtain a Hilbert space Hn by the standard process of dividing A ^ H out by the 
null space followed by completion and then a representation tt of A on from the 
multiplication of A on A, the first factor oi A ^ Ti. Using a flow V on Ti. such that 
/3t(x) = VtxVf* for X E B we define a one-parameter group of operators Wt on Ti^r by 

Wtj2^^®^i = Yl "*^^^) ® 

i i 
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Since 

i ij 

the group W is well-defined and we obtain estimates e~^*l < W^Wt < e^*l. Denoting the 
generator of W by iK one concludes that V{K*) = V{K) and —e < —iK* + iK < el. 
Then the closure k of K — K* has norm less than or equal to e. Since Wt7r{x)W^t = 7rat(x) 
we conclude that W^Wt G 7r(A)' and so A; G 7r(A)'. Set Ut = e^*^^-'^/^) for t G R. The U 
is a unitary flow such that UtT^{x)U^ = TTat{x) for x G A. 

We denote by H' the subspace of Hn generated by 1 ® ^ with ^ E H. Let E denote the 
projection onto Ti.'. Then it follows that 4>{x) = E'k{x)E for x E A. Since WfEW^t = E 
one obtains \\UtEU^ — E\\ < Thus condition (3) follows. 

(3)^(1). We prove this by following the argument given in |24j . 

Let (JF„) be an increasing sequence of finite subsets of A with dense union. For 
{Tn, n~^) we choose a covariant representation (tt^, f/") and a finite-rank projection En on 
the representation space 7i„ satisfying the conditions described in (3). Let Tt = 0^]^ H„, 
= 0^=1 T^n, U = ^^^-^ and E = ^'^^^ E^. For each G N let denote the 
projection in H onto the first k direct summands and let = (1 — Pk)E = E{1 — Pi). 
If TTniH) (resp. tt{H)) denotes the self-adjoint generator of ?7" (resp. U) then ^{H) = 
0^^7r„(if). Since || 7r„(a:)]|| < for x E Tn and || 7r„(iy)]|| < one has 

[Pfc,7r(a;)] G /C for x G A and [Pfe,7r(if)] G K where K denotes the compact operators on 
If we denote by tt x ?7 the covariant representation of A R, then it follows that 
(^k = Pk{TT X U)Pk is an a-differentiable CP map of A x^t R into B{Pk'H) such that the 
composition Q o cxfc is an isomorphism and 

oo 

a,{H) = (1 - PI) . 0P„vr„(i7)i?„ ■ (1 - P^), 

n=l 

where Q is the quotient map of B{PkH) into B{PkH) /K. 

Let (p, l^) be a covariant representation on a separable Hilbert space X such that 
px 1/ is faithful and Ran(px 1/)n/C = {0}. We set X^o = X©X© - ■ - , p°° = p©p©- ■ ■ , 
and = © © ■ ■ ■ . Let Gk denote the projection onto the direct sum of the first k 
copies of X in Xqo. We will show that (p°°, V^) is quasi-diagonal as required in (1). 

Fix A; G N. By Theorem [Sj applied to (p~, V"°°)|g,x^ and a„ = P„(7r x [/)P„ 
we find partial isometrics S'„: — ?i such that S^Sn = Gk, Ran(S'n) C P„7Y and 
||S'nP°°(a:)— 7r(x)5'„|| — > Oforx G A and ||S'„p°°(if)— 7r(if)S'„|| — 0. Similarly from the pair 
of (tt, U) and (p, l^) we also find isometrics Tn'. TC ^ X such that ||T„7r(x) — p(x)T„|| — > 
for a; G A and \\Tn7i{H) — p{H)Tn\\ — > 0. We define an isometry Wn of TC into Xoo by 

= s*j © T„(i - SnS;)^ © © © ■ ■ ■ , 

which satisfies that GkX^o C WnH C Gk+iX^o and ||iy„7r(a;) - p°^(a;)iy„|| ^ for a; G A 
and \\Wnn{H) - p°°(i7)iy„|| ^ as n ^ oo. We note that Gk < WnPnW*. 
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Now Fm = is a finite-rank projection such that [Fm-, P-n\ = and FmPn = 

{P^ — Pn)E ^ P„ as m — s> oo. Thus choosing m„ > n for each n sufficiently large we 
may suppose that WnFm^PnW*^ — >• ^ for each ^ G GkXoo- Since Fm„Pn commutes with 
the range of cr„, WnFm^PnW* will serve as the required finite-rank projection on X^o for 



Proof of Theorem (1)^(2). This is easy. 

(2)^(3). Given {J^^e) let Q = {x,x*,xy : x,y E J-"}. By condition (2) there is a 
flow /5 on a finite-dimensional C*-subalgebra B and a CP map of A into B such that 



II0II < 1, ||0(x)|| > (1 and \\(f){x)(j){y) - (j){xy)\\ < e\\x\\\\y\\ for x,y G ^, and 



— < for X G ^ and t G [—1, 1]. We may assume that A and are 

unital. For 7 = — log e > we replace by 



Since — 0(x)|| < (e + e = 2e||x|| for x G ^, we may suppose, starting with e/7 

instead of e, that satisfies the above properties as well as the covariance 

PtM < e'^l*l0for 

7 ^ — loge. We suppose that B acts on a finite-dimensional Hilbert space 7i and choose 
a unitary flow V on H such that Pt = AdVil^- Then, by Stinespring's construction for 
as in the proof of Theorem ll.5[ we obtain a representation vr of A, a (non-unitary) 
flow W and a finite-rank projection E such that 0(x) = Ett{x)E for x E A, under the 
identification of EH with H, Wt-n{x)W_t = vrat(x) for x G A and WtE = EWtE = VtE. 
By a perturbation of W we obtain a unitary flow U such that 7rQ;t(x) = Ad Utn^x), x & A. 
Then we conclude that (vr, U, E, V) satisfies the required properties. 

(3)^(1). The proof is similar to the proof of the corresponding implication in Theo- 
rem [L5l □ 
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